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QUASI-LOCAL ALGEBRAS AND ASYMPTOTIC EXPANDERS
KANG LI, PIOTR NOWAK, JA´N SˇPAKULA AND JIAWEN ZHANG
Abstract. In this paper, we study the relation between the uniform Roe alge-
bra and the uniform quasi-local algebra associated to a discrete metric space of
bounded geometry. In the process, we introduce a weakening of the notion of ex-
panders, called asymptotic expanders. We show that being asymptotic expanders
is a coarse property, and it implies non-uniformly local amenability. Moreover,
we also analyse some C∗-algebraic properties of uniform quasi-local algebras. In
particular, we show that a uniform quasi-local algebra is nuclear if and only if the
underlying metric space has Property A.
Mathematics Subject Classification (2010): 46H35, 46L05, 20F65, 05Cxx.
1. Introduction
(Uniform) Roe algebras are C∗-algebras associated to discrete metric spaces,
which reflect and encode the coarse (or large-scale) geometry of the underlying
metric spaces. They have beenwell-studied andhave fruitful applications, among
which the most important ones would be the (uniform) coarse Baum-Connes
conjecture, the Novikov conjecture, the zero-in-the-spectrum conjecture and the
conjecture of positive scalar curvature onmanifolds (e.g. [28, 30, 39, 40, 41, 42, 43]).
Recent years there are substantial research about the interplay between coarse-
geometric properties of a metric space X with bounded geometry and analytic
properties of its uniform Roe algebra C∗u(X) (e.g. [1, 2, 8, 16, 17, 28, 34, 38]). A
prototypical result in this direction comes from [12, 20, 28]: a metric space X has
Property A if and only if C∗u(X) is a nuclear C
∗-algebra.
A fundamental question is to determine whether a given operator belongs to
the uniform Roe algebra. To overcome this issue, Roe suggested the notion of
quasi-locality in [22, 23] and observed that operators in uniform Roe algebras
are always quasi-local. The converse is open, although it has been proven under
additional assumptions on the underlying spaces [10, 31, 32]. This piece revolves
around comparing the uniform Roe algebra C∗u(X) of a bounded geometry metric
space X with the C∗-algebra C∗uq(X) of all quasi-local operators in B(ℓ
2(X)) (see
Definition 2.1 and Definition 2.2 for the definition of the uniform quasi-local algebra
C∗uq(X)). We always have C
∗
u(X) ⊆ C∗uq(X), and if the space X has Property A, then
we have the equality C∗u(X) = C
∗
uq(X) (see [32]).
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The motivation for this paper is to look for obstructions to this equality. More
precisely, we attempt to tell the difference between C∗u(X) and C
∗
uq(X) via the
averaging projection PX ∈ B(ℓ2(X)) over the coarse disjoint union X = ⊔nXn of
a sequence of finite metric spaces {Xn}n∈N (see Definition 3.3). It is well known
that if X is an expander, then PX ∈ C∗u(X). On the other hand, PX < C∗u(X) if X
can be coarsely embedded into some Hilbert space according to Finn-Sell’s work
[11, Proposition 35]. Hence, it is crucial to know when the averaging projection
PX belongs to C
∗
uq(X). It turns out that the quasi-locality of PX is equivalent to X
being a slight weakening of expanders, called asymptotic expanders.
DefinitionA (Definition 3.9). Asequence of finitemetric spaces {Xn}n∈N with |Xn| → ∞
is said to be a sequence of asymptotic expanders if for any α > 0, there exist c ∈ (0, 1)
and R > 0 such that for any n ∈ N and A ⊆ Xn with α|Xn| ≤ |A| ≤ |Xn|/2, we have
|∂RA| > c|A|, where ∂RA := {x ∈ Xn\A : d(x,A) ≤ R}.
More precisely, we prove the following statement:
TheoremB (Theorem 3.8). Let X be a coarse disjoint union of a sequence of finite metric
spaces {Xn}n∈N with |Xn| → ∞. Then the associated averaging projection PX belongs to
the uniform quasi-local algebra C∗uq(X) if and only if {Xn}n∈N is a sequence of asymptotic
expanders.
Therefore, the existence of a sequence of asymptotic expanders whose coarse
disjoint union X can be coarsely embedded into some Hilbert space would imply
that the associated averaging projection PX is quasi-local but does not belong
to the uniform Roe algebra of X. In other words, C∗u(X) $ C
∗
uq(X) (see Proposi-
tion 7.4). However, we did not yet succeed in finding such an example of X (see
Question 7.3).
Asymptotic expanders themselves might be of independent interest to experts
in graph theory (see Theorem 3.8 for different formulations similar to the Cheeger
constant of expanders). We show that asymptotic expanders are strictly more
general than expanders (seeCorollary 3.10). Moreover, we study coarse properties
of asymptotic expanders, showing that being a sequence of asymptotic expanders
is invariant under coarse equivalences, and is incompatible with uniformly local
amenability:
Theorem C (Theorem 3.11). Let X and Y be coarse disjoint unions of finite metric
spaces {Xn}n∈N and {Yn}n∈N, respectively. Suppose X and Y have bounded geometry and
|Xn|, |Yn| → ∞ for n →∞. If X and Y are coarsely equivalent and {Xn}n∈N is a sequence
of asymptotic expanders, then so is {Yn}n∈N.
TheoremD (Theorem 4.4). Let X be a coarse disjoint union of a sequence of asymptotic
expanders {Xn}n∈N with bounded geometry. Then X is not uniformly locally amenable.
In particular, X does not have Property A.
Finally, we study C∗-algebraic properties of the uniform quasi-local algebra
C∗uq(X) of a metric space with bounded geometry. As alluded to above, we already
know that X having Property A is equivalent to the nuclearity of its uniform Roe
algebra C∗u(X), and when X has Property A we have C
∗
u(X) = C
∗
uq(X). Concerning
uniform quasi-local algebras, we are able to prove the following theorem:
Theorem E (Theorem 5.4 and Proposition 6.1). Let X be a discrete metric space of
bounded geometry. Then
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• X has Property A if and only if the uniform quasi-local algebra C∗uq(X) is nuclear;
• C∗u(X) = C∗uq(X) if and only if ℓ∞(X) ⊆ C∗uq(X) is a Cartan subalgebra.
In particular, Theorem E shows that we can not use nuclearity to distinguish
C∗uq(X) from C
∗
u(X). Moreover, we know that ℓ
∞(X) ⊆ C∗u(X) is always a Cartan
subalgebra, and structural and uniqueness questions for Cartan subalgebras in
uniform Roe algebras were intensively studied in [35].
The paper is organised as follows. In Section 2, we recall some basic notions in
coarse geometry which are used throughout the paper. In Section 3, we introduce
the notion of asymptotic expanders, and prove Theorem B and Theorem C. We
provide a proof of Theorem D in Section 4. Moreover, Section 5 and Section 6 are
devoted to Theorem E. Finally, we raise several open questions in Section 7.
Acknowledgments. We would like to thank Rufus Willett for sharing a draft on
the quasi-locality of averaging projections. We would also like to thank Hiroki
Sako for bringing Example 3.5 to our attention. Finally, we thank Baojie Jiang for
several illuminating discussions.
2. Preliminaries
Let (X, d) be a discrete metric space, x ∈ X and R > 0. Denote B(x,R) the
closed ball in X with centre x and radius R. For any A ⊆ X, denote |A| the
cardinality of A, NR(A) = {x ∈ X | d(x,A) ≤ R} the R-neighbourhood of A, and
∂RA = {x ∈ X\A : d(x,A) ≤ R} the (outer) R-boundary of A. Recall that a discrete
metric space (X, d) has bounded geometry if supx∈X |B(x,R)| is finite for each R > 0;
we shall occasionally use the notation NX(R) = supx∈X |B(x,R)|. For A ⊆ X, we use
χA for the characteristic function of A and the symbol δx for χ{x} for x ∈ X.
Throughout this section, (X, d) always denotes a discrete metric space with bounded
geometry.
2.1. Uniform Roe algebras. Since X is discrete, an operator T ∈ B(ℓ2(X)) can be
viewed as an X-by-X matrix [Tx,y]x,y∈X with Tx,y = 〈Tδy, δx〉 ∈ C. We say that
T ∈ B(ℓ2(X)) has finite propagation if there exists some constant R > 0 such that
Tx,y = 0 if d(x, y) > R. The smallest number R satisfying this condition is called
the propagation of T.
There are two elementary classes of operators with finite propagation: mul-
tiplication operators and partial translations: let f ∈ ℓ∞(X), the pointwise mul-
tiplication provides an operator in B(ℓ2(X)) with zero propagation, called the
multiplication operator of f and still denoted by f for simplicity. For the latter, let
D,R ⊆ X and θ : D→ R be a bijection. Define a matrix Vθ by
Vθx,y =
{
1, x ∈ D and y = θ(x),
0, otherwise.
If supx∈D d(x, θ(x)) is finite, then V
θ is a partial isometry in B(ℓ2(X)) with finite
propagation andVθ is called a partial translation (operator). It is direct to check that
the set of all finite propagation operators in B(ℓ2(X)) forms a ∗-algebra, called the
algebraic uniform Roe algebra Cu[X] of X. It is well known that Cu[X] is generated
bymultiplication operators and partial translations as a ∗-algebra for everymetric
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space X with bounded geometry (see [24, Lemma 4.27]). The uniform Roe algebra
C∗u(X) of X is the operator-norm closure of Cu[X] inside B(ℓ
2(X)).
2.2. Quasi-locality. By definition, an operator inB(ℓ2(X)) belongs to the uniform
Roe algebra C∗u(X) if and only if it can be approximated by finite propagation
operators in norm, which is usually not easy to check in practice. In order to find
a more intrinsic and practical approach to characterise elements in C∗u(X), Roe
introduced the following notion of quasi-locality.
Definition 2.1 ([22, 23]). Let R, ε > 0. An operator T ∈ B(ℓ2(X)) is said to have
(R, ε)-propagation if for any A,B ⊆ X such that d(A,B) ≥ R, we have
‖χATχB‖ ≤ ε.
We say that T is quasi-local, if for all ε > 0, there exists R > 0 such that T has
(R, ε)-propagation.
It is routine to check that the set of all quasi-local operators in B(ℓ2(X)) forms a
C∗-subalgebra of B(ℓ2(X)). Hence, we make the following definition:
Definition 2.2. Let (X, d) be a discrete metric space. The uniform quasi-local algebra
of X, denoted by C∗uq(X), is defined to be the C
∗-algebra of all quasi-local operators
in B(ℓ2(X)).
It is clear that operators with finite propagation are quasi-local. Hence, C∗u(X) ⊆
C∗uq(X) after taking the closure.
2.3. ComparingC∗u(X)with C
∗
uq(X). We already noticed that C
∗
u(X) ⊆ C∗uq(X) holds
generally. For the opposite inclusion, the best existing result in this direction pro-
vides only a sufficient condition, which is Property A. Property Awas introduced
by Yu in [43] in his study of the coarse Baum-Connes conjecture and the Novikov
conjecture. Here we recall some of equivalent characterisations of Property A and
one of them is in terms of ghost operators: an operator T ∈ B(ℓ2(X)) is called a
ghost operator if for any ε > 0, there exists a bounded subset B ⊆ X such that for
any x, y ∈ X \ B, we have |Tx,y| < ε.
Proposition 2.3 ([36, Theorem 1.2.4], [25, Theorem 1.3]). Let (X, d) be a discrete
metric space with bounded geometry. Then the following are equivalent:
(1) (X, d) has Property A.
(2) For any R, ε > 0 there exist a map ξ : X → ℓ2(X), and a number S > 0 such that:
(a) ‖ξx‖2 = 1 for every x ∈ X;
(b) if d(x, y) < R, then ‖ξx − ξy‖2 < ε;
(c) supp(ξx) ⊆ B(x, S) for every x ∈ X.
(3) All ghost operators in C∗u(X) are compact.
Finally, we recall the main result from [32] that C∗u(X) = C
∗
uq(X) provided the
space X has Property A:
Proposition 2.4. [32, Theorem 3.3] Let X be a discrete metric space with bounded
geometry. If X has Property A, then C∗u(X) = C
∗
uq(X).
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3. asymptotic expanders
In this section, we start to recall the notion of expander graphs and the averaging
projection over a sequence of finite metric spaces. Then we introduce the notion
of asymptotic expenders (see Definition A), which has close relation with the
associated averaging projection and the uniform quasi-local algebra. Moreover,
we show that being asymptotic expanders is a coarse property.
3.1. Expander graphs. Recall that expander graphs are a sequence of finite graphs
which are highly connected but sparse at the same time. The first explicit con-
struction was due to Margulis [18] using Kazhdan’s property (T).
Let X = (V,E) be a graph. The vertex set V is regarded as a metric space
equipped with the edge-path metric d. We say that a graph X has bounded valency
if there exists some k ∈ N such that for any vertex x ∈ V, there are at most k
vertices connecting to x. It is clear that X has bounded valency if and only if (V, d)
has bounded geometry. We set ∂A := ∂1A to denote the 1-boundary of A.
Definition 3.1. [19, Definition 5.6.2] Let {Xn = (Vn,En)}n∈N be a sequence of finite
graphs with bounded valency and |Vn| → ∞. {Xn}n∈N is said to be a sequence of
expander graphs if there exists some c > 0 such that for any n ∈N and A ⊆ Vn with
1 ≤ |A| ≤ |Vn|/2, then |∂A| > c|A|.
Alternatively, we have the following analytic characterisation of expander
graphs:
Proposition 3.2. [9, Theorem 1.2.3] Let X = {Xn = (Vn,En)}n∈N be a sequence of finite
graphs with bounded valency and |Vn| → ∞. Then X is a sequence of expander graphs if
and only if there exists some c > 0 such that for any n ∈ N and any f : Vn → C, the
following Poincare´ Inequality holds:
(3.1)
∑
x,y∈Vn; d(x,y)=1
| f (x) − f (y)|2 ≥ c|Vn|
∑
x,y∈Vn
| f (x) − f (y)|2.
Recall that the discrete Laplacian ∆Y of a graph Y = (V,E) is a V-by-V matrix,
with valencies of vertices on the diagonal; −1 at (x, y)-entry whenever there is an
edge connecting x and y; and 0 otherwise. For a sequence of graphs as in the
proposition above, we denote by ∆ the X-by-X block-diagonal matrix with blocks
being ∆Xn . This defines a bounded operator on ℓ
2(X) (because of the bounded
valency), and of propagation 1.
A standard computation shows that the condition in Proposition 3.2 says that
the discrete Laplacian ∆ has a spectral gap, i.e., there exists c > 0 such that
σ(∆) ⊆ {0} ∪ [c,∞). Hence we know that χ{0}(∆) is in the C∗-algebra generated
by ∆, which is contained in the uniform Roe algebra C∗u(X). A straightforward
calculation shows that χ{0}(∆) is nothing but the averaging projection PX on X,
which is defined as follows:
Definition 3.3. Let (Y, d) be a discrete metric space and F be a finite subset in Y.
The averaging projection of F, denoted by PF, is the orthogonal projection onto the
span of χF ∈ ℓ2(Y). In the matrix form, it can be represented by:
(PF)x,y =
{
1/|F|, x, y ∈ F,
0, otherwise.
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Let (X, d) be a coarse disjoint union of a sequence of finite metric spaces {(Xn, dn)}n∈N,
i.e., X =
⊔
n∈NXn as a set, and the metric d on each Xn is dn and satisfies:
d(Xn,Xm) ≥ n +m + diam(Xn) + diam(Xm).
Define the averaging projection of X =
⊔
n∈NXn to be
PX :=
∑
n∈N
PXn ,
which converges in the strong operator topology on B(ℓ2(X)), and is a non-
compact ghost projection.
From the discussion before Definition 3.3, we obtain the following:
Corollary 3.4. Let X = {Xn}n∈N be a sequence of expander graphs, then the averaging
projection PX belongs to the uniform Roe algebra C
∗
u(X).
The following example is implicitly suggested in [33, Proposition 2.4] and also
brought to our attention by Sako, showing the converse does not hold in general.
Example 3.5. Let X be the coarse disjoint union of a sequence of expander graphs
{Xn}n∈N with bounded valency at most k. For any n ∈N, choose an arbitrary finite
graph Fn of degree at most k, satisfying |Fn| → ∞ and |Fn|/|Xn| → 0. Here we
regard Xn and Fn as metric spaces with the edge-path metrics.
For each n ∈ N, we construct a new graph Yn which is the disjoint union of Xn
and Fn except that one additional edge is attached between two chosen vertices xn
in Xn and yn in Fn. Clearly, Yn is a finite graph of valency at most k + 1. We claim
that {Yn}n∈N is not a sequence of expander graphs, but the averaging projection PY
belongs to the uniform Roe algebra C∗u(Y), where Y is the coarse disjoint union of
{Yn}n∈N.
Indeed, since |Fn|/|Xn| → 0, we can take a sufficiently large n such that |Fn| ≤
|Yn|/2. By construction, ∂Fn = {x ∈ Xn : d(x, Fn) = 1} = {xn}, which implies that
|∂Fn|/|Fn| → 0. Hence, Y = {Yn}n∈N is not a sequence of expander graphs by
Definition 3.1.
Now we show that the averaging projection PY belongs to the uniform Roe
algebra C∗u(Y). In fact, this follows directly from [33, Proposition 2.4]. For con-
venience of the readers, we provide a proof here. Since X is a subspace of Y,
we have PX ∈ B(ℓ2(X)) ⊆ B(ℓ2(Y)). We claim that the difference PY − PX is a
compact operator in B(ℓ2(Y)). In fact, a direct calculation shows that for each n
and x, y ∈ Yn:
(PYn − PXn)x,y =

− |Fn ||Xn|(|Xn |+|Fn |) , x, y ∈ Xn;
1
|Xn |+|Fn | , otherwise.
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Since each operator PYn − PXn is represented by a finite matrix, its operator norm
does not exceed its Frobenius norm:
‖PYn − PXn‖F =
( ∑
x,y∈Yn
∣∣∣(PYn − PXn)x,y∣∣∣2)
1
2
=
( ∑
(x,y)∈X2n
|Fn|2
|Xn|2(|Xn| + |Fn|)2 +
∑
(x,y)∈Y2n\X2n
1
(|Xn| + |Fn|)2
) 1
2
=
( |Xn|2 · |Fn|2
|Xn|2(|Xn| + |Fn|)2 +
(|Xn| + |Fn|)2 − |Xn|2
(|Xn| + |Fn|)2
) 1
2
=
( 2|Xn| · |Fn| + 2|Fn|2
|Xn|2 + 2|Xn| · |Fn| + |Fn|2
) 1
2
.
By the assumption that |Fn|/|Xn| → 0, we have ‖PYn − PXn‖ → 0 as n → ∞. Hence
PY − PX =
∑
n∈N(PYn − PXn) converges in the operator norm. Since each block
PYn − PXn has finite rank, it is clear that PY − PX is a compact operator. From
Corollary 3.4, PX ∈ C∗u(X) ⊆ C∗u(Y), which implies PY ∈ C∗u(Y) as required.
3.2. Asymptotic expanders. Example 3.5 shows that the property of being a se-
quence of expander graphs cannot be characterised by the condition that the
averaging projection belongs to the uniform Roe algebra. However, the coun-
terexample is just a slight deformation of expanders.
In this section, we explore when the averaging projection PX is quasi-local, and
introduce the notion of asymptotic expanders. We start with some elementary
calculations.
Lemma 3.6. Let X be a discrete metric space, F be a finite subset of X and A,B ⊆ F. Then
‖χAPFχB‖ =
√|A||B|
|F| .
Proof. Without loss of generality, we may assume that X = F. By direct calcula-
tions, we have
‖χAPFχB‖ = sup
‖v‖=‖w‖=1
〈χAPFχBv,w〉 = sup
‖v‖=‖w‖=1
〈PFχBv,PFχAw〉
= sup
‖v‖=‖w‖=1
〈∑
f∈F
( 1
|F|
∑
a∈A
v(a)
)
δ f ,
∑
f∈F
( 1
|F|
∑
b∈B
w(b)
)
δ f
〉
= sup
‖v‖=‖w‖=1
1
|F|2 · |F| ·
(∑
a∈A
v(a)
)(∑
b∈B
w(b)
)
≤ sup
‖v‖=‖w‖=1
1
|F|
√
|A|
√
|B| · ‖v‖ · ‖w‖
≤
√|A||B|
|F| ,
where the penultimate inequality follows from the Cauchy-Schwarz Inequality.
On the other hand, it is easy to see that
〈PFχBv,PFχAw〉 =
√|A||B|
|F| ,
where v,w are the normalised characteristic functions of A,B, respectively. 
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From the definition of quasi-locality and the previous lemma,we directly obtain
the following:
Proposition 3.7. Let X be a coarse disjoint union of finite metric spaces {Xn}n∈N with
|Xn| → ∞, and PX be the associated averaging projection. Then PX is quasi-local if and
only if the limit
lim
R→+∞
sup
{ |A||B|
|Xn|2 : A,B ⊆ Xn, d(A,B) ≥ R, n ∈N
}
exists and equals zero.
We now establish the geometric equivalence of PX being quasi-local.
Theorem 3.8. Let X be a coarse disjoint union of finite metric spaces {Xn}n∈N with
|Xn| → ∞, and PX the associated averaging projection. Then the following are equivalent:
(1) PX is quasi-local;
(2) for any α > 0, any c ∈ (0, 1), there exists R > 0 such that for any n ∈ N and
A ⊆ Xn with α|Xn| ≤ |A| ≤ |Xn|/2, we have |∂RA| > c|A|;
(3) for any α > 0, there exists c ∈ (0, 1) and R > 0 such that for any n ∈ N and
A ⊆ Xn with α|Xn| ≤ |A| ≤ |Xn|/2, we have |∂RA| > c|A|.
Proof. “(1) ⇒ (2)”: Suppose (2) fails. Then there exists α0 > 0 and c0 ∈ (0, 1) such
that for any R > 0, there exists n ∈ N and An ⊆ Xn with α0|Xn| ≤ |An| ≤ |Xn|/2,
while |∂RAn| ≤ c0|An|. Now for any R > 0, we have
Xn = (Xn \ NR(An)) ⊔An ⊔ ∂RAn,
which implies
|Xn \ NR(An)| = |Xn| − |An| − |∂RAn| ≥ |Xn| − |An| − c0|An| = |Xn| − (1 + c0)|An|
≥ |Xn| − 1 + c0
2
|Xn| = 1 − c0
2
|Xn|.
Hence we have
|An| · |Xn \ NR(An)|
|Xn|2 ≥
α0|Xn| · 1−c02 |Xn|
|Xn|2 =
α0(1 − c0)
2
> 0,
which implies that the upper limit
lim
R→+∞
sup
{ |A||B|
|Xn|2 : A,B ⊆ Xn, d(A,B) ≥ R, n ∈N
}
≥ α0(1 − c0)
2
> 0.
This is a contradiction to the assumption that PX is quasi-local by Proposition 3.7.
“(2)⇒ (3)”: This is clear.
“(3) ⇒ (1)”: Suppose PX is not quasi-local. Then by Proposition 3.7, we know
that
α :=
1
2
lim
R→+∞
sup
{ |A||B|
|Xn|2 : A,B ⊆ Xn, d(A,B) ≥ R, n ∈N
}
> 0.
Hence there exists a sequence of natural numbers {mn}n∈N going to infinity, and
An,Bn ⊆ Xmn with d(An,Bn) > 2n such that |An| · |Bn| ≥ α · |Xmn |2. Since |An| ≤ |Xmn |
and |Bn| ≤ |Xmn |, we obtain that |An| ≥ α|Xmn | and |Bn| ≥ α|Xmn |.
By condition (3), for the above α there exists c0 ∈ (0, 1) and R0 > 0 such that for
any n ∈ N and A′ ⊆ Xn with α|Xn| ≤ |A′| ≤ |Xn|/2, we have |∂R0A′| > c0|A′|. Now
considerNn(An) andNn(Bn). Since d(An,Bn) > 2n, we know thatNn(An) andNn(Bn)
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are disjoint. Without loss of generality, we may assume that |Nn(An)| ≤ |Xmn |/2.
Hence, we have
α|Xmn | ≤ |An| ≤ |Nn(An)| ≤ |Xmn |/2.
By induction, we have
|Nn(An)| ≥ (1 + c0)|Nn−R0(An)| ≥ . . . ≥ (1 + c0)⌊n/R0⌋|An|
for any n ∈N. Hence, we have
|Xmn | ≥ |Nn(An)| ≥ (1 + c0)⌊n/R0⌋|An| ≥ (1 + c0)⌊n/R0⌋α|Xmn |
for any n ∈N, which is a contradiction. 
It is clear from Definition 3.1 that for a sequence of expander graphs, condition
(3) in the above proposition holds . Hence, we introduce the following notion:
Definition 3.9. A sequence of finite metric spaces {Xn}n∈N such that |Xn| → ∞ is
said to be a sequence of asymptotic expanders (or asymptotic expander graphs when
Xn’s are graphs) if for any α > 0, there exist c ∈ (0, 1) and R > 0 such that for any
n ∈N and A ⊆ Xn with α|Xn| ≤ |A| ≤ |Xn|/2, we have |∂RA| > c|A|.
According to Example 3.5 and Theorem 3.8, there do exist asymptotic expander
graphs which are not expander graphs:
Corollary 3.10. The sequence {Yn}n∈N constructed in Example 3.5 is a sequence of
asymptotic expander graphs, but not expander graphs.
3.3. Coarse Invariance. In this subsection, we prove that being a sequence of
asymptotic expanders is a coarse property, i.e., that it is invariant under coarse
equivalences.
Beforewe embarkon aproof, note that “being a sequence of expander graphs” is
preservedunder coarse equivalences. This iswell-known to experts and adetailed
proof can be found, for example, in [29, Lemma 2.7.5] and [27, Lemma 12].
Theorem 3.11. Let X and Y be coarse disjoint unions of finite metric spaces {Xn}n∈N
and {Yn}n∈N, respectively. Suppose X and Y have bounded geometry and |Xn|, |Yn| → ∞
for n → ∞. If X and Y are coarsely equivalent and {Xn}n∈N is a sequence of asymptotic
expanders, then so is {Yn}n∈N.
We shall split the proof of this theorem into several lemmas. First, we fix
some notation. We shall use ∂inR (A) = {x ∈ A : d(x,Ac) ≤ R} for the inner R-
boundary of a set A ⊂ X. Given a space Xwith bounded geometry, we will denote
NX(R) := supx∈X |B(x,R)|.
Lemma 3.12. Let ψ : X → Y be a function between two finite metric spaces, such that
ψ(X) is a D-net in Y for some D > 0. Let B ⊆ Y. Then
(3.2) |ψ−1(B)| ≥ |B| · 1
NY(D)
·
(
1 − |∂
in
D
(B)|
|B|
)
.
Proof. Define I := {y ∈ B | B(y,D) ⊆ B}. Given y ∈ I, there exists xy ∈ X such that
d(ψ(xy), y) ≤ D, because ψ(X) is a D-net in Y. Hence ψ(xy) ∈ B, so xy ∈ ψ−1(B).
This defines an assignment I ∋ y 7→ xy ∈ ψ−1(B), with at most NY(D) elements of
I mapping to the same xy ∈ ψ−1(B) (the points in B(ψ(xy),D)). Hence |ψ−1(B)| ≥
|I|/NY(D).
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Next, if y ∈ B \ I, then y ∈ ∂inD (B), so |I| ≥ |B| − |∂inD (B)|. Combining the two
inequalities yields the desired one. 
Lemma 3.13. Under the assumptions of Lemma 3.12, assume further that |B| ≤ |Y|/2,
and that 1 − NY(D) |∂D(B)||B| ≥ 12 . Then either A = ψ−1(B) or A = ψ−1(Y \ B) satisfies
|A| ≤ |X|/2 and |A| ≥ 1
2NY(D)
|B|.
Proof. The first case is when |ψ−1(B)| ≤ |X|/2. We apply Lemma 3.12 with B and
let A := ψ−1(B). Inserting the general observation |∂in
D
(B)| ≤ NY(D)|∂D(B)| into (3.2)
and applying the assumption immediately yield |A| ≥ 1
2NY(D)
|B|.
In the second case, when |ψ−1(B)| > |X|/2, we let A := ψ−1(Y \B) = X \ψ−1(B) (as
then |A| ≤ |X|/2). Note that as |B| ≤ |Y|/2, we have |Y \ B| ≥ |B|. Furthermore, note
that 1 − |∂D(B)||B| ≥ 1 −NY(D) |∂D(B)||B| ≥ 12 .
We apply Lemma 3.12 with Y \ B in place of B. From (3.2) we then get
|A| = |ψ−1(Y \ B)| ≥ |Y \ B| · 1
NY(D)
·
(
1 − |∂
in
D (Y \ B)|
|Y \ B|
)
≥ |B| · 1
NY(D)
·
(
1 − |∂D(B)||B|
)
≥ 1
2NY(D)
|B|,
which finishes the proof. 
Lemma 3.14. With the notation as in Lemma 3.12, assume further that ψ is at most
K-to-one (for some K ≥ 1), and denote by ρ+ the upper distortion control function (i.e.
for all u, v ∈ X: d(ψ(u), ψ(v)) ≤ ρ+(d(u, v))). Then for any S ≥ 0 both A = ψ−1(B) and
A = ψ−1(Y \ B) = X \ ψ−1(B) satisfy |∂S(A)| ≤ KNX(S)|∂ρ+(S)(B)|.
Proof. Denote temporarily C = ψ−1(B). Let u ∈ ∂S(C). Then there is a v ∈ C with
d(u, v) ≤ S. Hence ψ(v) ∈ B, ψ(u) < B and d(ψ(u), ψ(v)) ≤ ρ+(S). In other words,
ψ(u) ∈ ∂ρ+(S)(B) and as ψ is at most K-to-one, we get |∂S(C)| ≤ K|∂ρ+(S)(B)|.
When A = ψ−1(B) = C, then the above inequality trivially implies |∂S(A)| ≤
KNX(S)|∂ρ+(S)(B)|.
When A = ψ−1(Y \ B) = X \ C, we use the general fact that |∂S(X \ C)| ≤
NX(S)|∂S(C)|. Now the inequality established in the first paragraph yields |∂S(A)| ≤
NX(S)|∂X(C)| ≤ KNX(A)|∂ρ+(S)(B)|. 
Proof of Theorem 3.11. Recall that now X = ⊔nXn and Y = ⊔nYn are coarse disjoint
unions of finite metric spaces. Since both have bounded geometry, the functions
NX andNYwork in particular for anypieceXn orYn, respectively. We are assuming
that ϕ is a coarse equivalence, so there are global control functions ρ± : R+ → R+
such that
ρ−(d(x, y)) ≤ d(ϕ(x), ϕ(y)) ≤ ρ+(d(x, y))
for any x, y ∈ X, and ϕ(X) is a D-net in Y for some D ≥ 0. It follows that there
exists K > 0 such that |ϕ−1(y)| ≤ K for any y ∈ Y. By [15, Lemma 1], without loss
of generality, we can assume that ϕ(Xn) is aD-net in Yn for each n, and denote the
restriction by ϕn. Hence ϕn : Xn → Yn is a ρ±-coarse equivalence and ϕn(Xn) is a
D-net in Yn.
Assume that {Yn} is not a sequence of asymptotic expanders, i.e. there exists
some α ∈ (0, 1
2
) such that for any R > 0, there exists a sequence Bn with Bn ⊆ Ykn
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and α|Ykn | ≤ |Bn| ≤ |Ykn |/2, such that |∂RBn|/|Bn| → 0. To simplify the notation and
without loss of generality, we assume that kn = n.
Given any S ≥ 0, take R > max{ρ+(S),D}. Then ∂D(Bn) ⊆ ∂R(Bn), and so also
|∂D(Bn)|/|Bn| → 0; likewise |∂ρ+(S)(Bn)| ≤ |∂R(Bn)|. Thus for sufficiently large n the
assumptions of Lemma 3.13 are satisfied (for ϕn : Xn → Yn and Bn), so we get a
sequence of subsets An ⊆ Xn with 12NY(D) |Bn| ≤ |An| ≤ |Xn|/2. By Lemma 3.14, they
also satisfy |∂S(An)| ≤ KNX(S)|∂R(Bn)|.
Since ϕn is at most K-to-one, we get
|An| ≥ 1
NY(D)
|Bn| ≥ α
NY(D)
|Yn| ≥ α
KNY(D)
|Xn|,
so the cardinalities of An are at least a uniform proportion of Xn. Finally,
|∂S(An)|
|An| ≤
KNX(S)|∂R(Bn)|
1
NY(D)
|Bn|
→ 0.
Thus we have shown that {Xn} is not a sequence of asymptotic expanders either.

4. asymptotic expander graphs are not uniformly locally amenable
In this section, we show that being a sequence of asymptotic expandes leads
to the failure of uniformly local amenability. Recall from [3, Proposition 3.2]
that Property A implies uniformly local amenability, while the property of coarse
embeddability into Hilbert spaces does not imply it generally (see [3, Corollary
4.3]). First let us recall the definition:
Definition 4.1 ([3, Definition 2.2]). A metric space (X, d) is said to be uniformly
locally amenable (ULA) if for all R, ε > 0 there exists S > 0 such that for any finite
subset F of X, there exists E ⊆ X with diam(E) ≤ S and |∂RE ∩ F| < ε|E ∩ F|.
Note that replacing E with E ∩ F, we can assume that E ⊆ F in the above
definition. We want to use another equivalent form of ULA as follows. For a
finite subset F ⊆ X, define the associated normalised characteristic measure µF to be
µF(E) :=
|E ∩ F|
|F|
for any E ⊆ X. Clearly, µF is a probability measure with finite support F. Then we
can translate ULA in the following language directly:
Lemma 4.2. A metric space (X, d) is uniformly locally amenable if and only if for all
R, ε > 0 there exists S > 0 such that for any finite F ⊆ X, there exists E ⊆ F with
diam(E) ≤ S and µF(∂RE) < µF(E).
By the same argument as in [3, Theorem 3.8], ULA implies a special form of
the metric sparsification property introduced by Chen, Wang and Wang [6] as
follows:
Lemma 4.3. Let (X, d) be a metric space with ULA. Then for any c ∈ (0, 1) and R > 0,
there exists S > 0 such that for any finite F ⊆ X, there existsΩ ⊆ F with a decomposition
Ω =
⊔
iΩi satisfying the following:
• µF(Ω) ≥ c;
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• diam(Ωi) ≤ S;
• d(Ωi,Ω j) > R for i , j.
Proof. Given c ∈ (0, 1) and R > 0, take ε = 1/c−1. By Lemma 4.2, there exists S > 0
satisfying the condition therein. Given a finite subset F ⊆ X, we set F1 := F. By
assumption, there exists E1 ⊆ F1 with diam(E1) ≤ S and µF(∂RE1) < εµF(E1).
Now set F2 := F1\NR(E1). By assumption, there exists E2 ⊆ F2with diam(E2) ≤ S
and µF2(∂RE2) < εµF2(E2). Hence |∂RE2 ∩ F2| < ε|E2|, which implies µF(∂RE2 ∩ F2) <
εµF(E2) since F2 ⊆ F.
Similarly, wemay setF3 := F1\NR(E1)\NR(E2) and continue theprocess. SinceF1
is finite, it must eventually terminate, providing two sequences F1 ⊇ F2 ⊇ . . . ⊇ Fn
and E1,E2, . . . ,En such that Ei ⊆ Fi for all i and
• diam(Ei) ≤ S for all i;
• d(Ei,E j) > R for i , j;
• µF(∂REi ∩ Fi) < εµF(Ei).
SetΩi := Ei and Ω :=
⊔
iΩi. We have
1 = µF(F1) =
n∑
i=1
µF(Ei) + µ(∂REi ∩ Fi) <
n∑
i=1
(1 + ε)µF(Ei) = (1 + ε)µF(Ω),
which implies that µF(Ω) > 1/(1 + ε) = c. So we finish the proof. 
Theorem 4.4. Let X be a coarse disjoint union of a sequence of asymptotic expanders
{Xn}n∈N with bounded geometry. Then X is not uniformly locally amenable. In particular,
X does not have Property A.
Proof. Assume that X is uniformly locally amenable. Setting c = 1/2 and given
R > 0, by Lemma 4.3 there exists S = S(R) > 0 such that for any finite subset F ⊆ X,
there exists Ω ⊆ F with a decomposition Ω = ⊔iΩi satisfying the conditions
therein. Hence for each n ∈ N, there exists Ω(n) ⊆ Xn with a decomposition
Ω(n) =
⊔
i∈IΩ
(n)
i
satisfying:
• |Ω(n)| ≥ |Xn|/2;
• diam(Ω(n)
i
) ≤ S(R);
• d(Ω(n)
i
,Ω(n)
j
) > R for i , j.
Set N(R) := supx∈X |B(x, S(R))|, which is finite since X has bounded geometry. For
the given R, we may choose n sufficiently large such that
N(R)
|Xn| <
1
n
.
For such n, since eachΩ(n)
i
has cardinality at most N(R), we may take a decompo-
sition I = I1 ⊔ I2 such that for
An :=
⊔
i∈I1
Ω
(n)
i
⊆ Xn and Bn :=
⊔
i∈I2
Ω
(n)
i
⊆ Xn,
we have An ⊔ Bn = Ω(n) and
|An|, |Bn| ∈
[ |Ω(n)|
2
−N(R), |Ω
(n)|
2
+N(R)
]
.
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Note that by construction we have d(An,Bn) ≥ R and:
|An| · |Bn|
|Xn|2 ≥
(
|Ω(n)|/2 −N(R)
)2
|Xn|2 ≥
|Ω(n)|2
4|Xn|2 −
|Ω(n)| ·N(R)
|Xn|2 ≥
1
16
− 1
n
>
1
32
for sufficiently large n.
In conclusion for any R > 0, we obtain K ∈ N and sequences {An}n>K, {Bn}n>K
with An,Bn ⊆ Xn, such that d(An,Bn) ≥ R and |An |·|Bn||Xn |2 > 132 . This is a contradiction,
so X is not uniformly locally amenable. Finally recall from [3, Proposition 3.2]
that Property A implies uniformly local amenability, so X does not have Property
A and we finish the proof. 
5. Nuclearity of uniform quasi-local algebras
From [28, Theorem 5.3] and Proposition 2.4 we know that the uniform quasi-
local algebra C∗uq(X) is nuclear for every discrete metric space with bounded ge-
ometry and Property A. In this section, we provide a proof for the converse
implication: the nuclearity of the uniform quasi-local algebra C∗uq(X) implies that
X has Property A.
Firstly, let us recall some related notions and facts:
Definition 5.1 ([5, Definition 2.1.1 and Definition 2.3.1]). LetA and B be two C∗-
algebras. A map θ : A→ B is called nuclear if for any ε > 0 and any finite subset
F ⊆ A, there exist n ∈N and contractive completely positivemapsϕ :A→ Mn(C)
and ψ : Mn(C) → B such that ‖ψ ◦ ϕ(a) − θ(a)‖ < ε for any a ∈ F. A C∗-algebra A
is called nuclear if the identity map IdA is nuclear.
Proposition 5.2 ([28, Theorem 5.3]). Let (X, d) be a discrete metric space with bounded
geometry, then X has Property A if and only if the uniform Roe algebra C∗u(X) is nuclear.
We need the following auxiliary lemma characterising Property A, which is a
slight modification of Proposition 2.3. The proof is elementary, hence we leave it
to the readers.
Lemma 5.3. Let (X, d) be a discrete metric space with bounded geometry. Then the
following are equivalent:
(1) (X, d) has property A.
(2) For any R, ε > 0 there exist a map η : X → ℓ2(X) satisfying:
(a) ‖ηx‖2 = 1 for every x ∈ X;
(b) for x, y ∈ X with d(x, y) < R, we have ‖ηx − ηy‖2 < ε;
(c) lim
S→∞
sup
x∈X
∑
z<B(x,S)
|ηx(z)|2 = 0.
Now we are in the position to prove the following main result of this section,
whose proof is inspired by that of [5, Theorem 5.5.7].
Theorem 5.4. For a discrete metric space (X, d) with bounded geometry, the following
are equivalent:
(1) X has Property A;
(2) the uniform quasi-local algebra C∗uq(X) is nuclear;
(3) the canonical inclusion C∗u(X) →֒ C∗uq(X) is nuclear;
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(4) all ghost operators in the uniform quasi-local algebra C∗uq(X) are compact.
(5) ℓ∞(X) separates ideals of C∗uq(X). In other words, the closed ideal generated by
I ∩ ℓ∞(X) inside C∗uq(X) is equal to I for every closed ideal I in C∗uq(X).
Proof. FromProposition 2.4,weknow that ifX hasPropertyA thenC∗u(X) = C
∗
uq(X).
Hence combining with Proposition 5.2, we have “(1)⇒ (2)”; and combining with
Proposition 2.3, we have “(1) ⇒ (4)”. It follows directly from [2, Theorem 3.20]
(see also [7]) that “(1)⇒ (5)⇒ (4)” holds.
On the other hand, sinceC∗u(X) is a subalgebra ofC
∗
uq(X), we know that condition
(4) implies that all ghost operators in C∗u(X) are compact. Hence from Proposition
2.3 again, we obtain “(4)⇒ (1)”. Also notice that due to the fact that the compo-
sition of two completely positive maps is nuclear provided either one of them is,
we know that “(2)⇒ (3)” holds.
Therefore, it suffices to prove “(3) ⇒ (1)”. To summarise the rest of the proof,
we follow [5, Theorem 5.5.7] to construct “Property A” vectors (Proposition 2.3);
but in the last step, instead of uniform bound on supports, we use quasi-locality
to get strong summability, as in condition (c) in Lemma 5.3.
Assume that the inclusion C∗u(X) →֒ C∗uq(X) is nuclear. Let R > 0 and ε > 0.
Since X has bounded geometry, there exists a finite set F of partial isometries in
Cu[X] with the property that for any x, y ∈ X with d(x, y) ≤ R, there exists v ∈ F
such that vδx = δy (see e.g. [32, Lemma 2.6]). Since the inclusion C
∗
u(X) →֒ C∗uq(X)
is nuclear, there exist unital completely positive maps φ : C∗u(X) → Mn(C) and
ψ : Mn(C) → C∗uq(X) such that ‖(ψ ◦ φ)(v) − v‖ < ε for all v ∈ F (see also [5,
Proposition 2.2.6]).
Denoting {ei j}1≤i, j≤n the matrix units ofMn(C), the matrix [ψ(ei j)]ni, j=1 is positive in
Mn(C
∗
uq(X)) [5, Proposition 1.5.12]. Let [bi j] = [ψ(ei j)]
1/2 ∈ Mn(C∗uq(X)) and denote
{ξi}1≤i≤n the standard basis for Cn. We define
ξψ =
n∑
j,k=1
ξ j ⊗ ξk ⊗ bkj ∈ Cn ⊗ Cn ⊗ C∗uq(X).
Note that Cn ⊗ Cn ⊗ C∗uq(X) is a Hilbert C∗uq(X)-module equipped with an inner
product 〈·, ·〉 defined by
〈ξ ⊗ η ⊗ T, ξ′ ⊗ η′ ⊗ T′〉 = 〈ξ, ξ′〉Cn · 〈η, η′〉Cn · T∗T′,
where 〈·, ·〉Cn is the standard inner product on Cn, linear in the second variable.
Note thatMn(C) ⊗Mn(C) acts on (the first two tensor factors of) Cn ⊗ Cn ⊗ C∗uq(X).
With this action, it is straightforward to check that for any A ∈ Mn(C) we have
(5.1) ψ(A) = 〈ξψ, (A ⊗ 1)ξψ〉C∗uq(X),
which implies that ‖ξψ‖C∗uq(X) = 1 (choosing A = 1). Denoting by {ηl}1≤l≤n2 the
standard basis for Cn
2
 Cn ⊗ Cn, we write
ξψ =
n2∑
l=1
ηl ⊗ al ∈ Cn2 ⊗ C∗uq(X).
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Now we define a map ζ : X → ℓ2(X) by
ζx(z) =
∥∥∥ n
2∑
l=1
ηl〈δz, alδx〉ℓ2(X)
∥∥∥
Cn
2 .
Weproceed analogously to the argument in the proof of [5, Theorem 5.5.7] to show
that ζ satisfies the conditions (a) and (b) from Lemma 5.3. For the convenience of
readers, we present the details here as well. For any x ∈ X, we have:
‖ζx‖2 =
∑
z
∥∥∥∑
l
ηl〈δz, alδx〉ℓ2(X)
∥∥∥2
Cn
2
=
∑
l,k
∑
z
〈ηl, ηk〉Cn2 〈δz, alδx〉ℓ2(X)〈δz, akδx〉ℓ2(X)
=
∑
l,k
〈ηl, ηk〉Cn2 〈alδx, akδx〉ℓ2(X)
= 〈δx, 〈ξψ, ξψ〉Cn2⊗C∗uq(X)δx〉ℓ2(X) = 1.
On the other hand, let d(x, y) ≤ R and choose v ∈ F such that vδx = δy. Using that
φ(v) is contractive and (5.1) with A = φ(v), we have that
〈ζy, ζx〉 =
∑
z
∥∥∥∑
l
ηl〈δz, alδy〉
∥∥∥
Cn
2 ·
∥∥∥∑
k
ηk〈δz, akδx〉
∥∥∥
Cn
2
≥
∑
z
∥∥∥∑
l
ηl〈δz, alδy〉
∥∥∥
Cn
2 ·
∥∥∥(φ(v) ⊗ 1)∑
k
ηk〈δz, akδx〉
∥∥∥
Cn
2
≥
∣∣∣∑
l,k
∑
z
〈ηl, (φ(v) ⊗ 1)ηk〉Cn2 · 〈δz, alδy〉ℓ2(X) · 〈δz, akδx〉ℓ2(X)
∣∣∣
=
∣∣∣〈δy, 〈ξψ, (φ(v) ⊗ 1)ξψ〉Cn⊗Cn⊗C∗uq(X)δx〉ℓ2(X)∣∣∣ = ∣∣∣〈δy, (ψ ◦ φ)(v)δx〉ℓ2(X)∣∣∣
≥
∣∣∣〈δy, vδx〉ℓ2(X)∣∣∣ − ε = 1 − ε.
This implies that ‖ζx − ζy‖ is sufficiently small.
We also claim:
lim
S→∞
sup
x∈X
∑
y<B(x,S)
|ζx(y)|2 = 0.
In fact, by definition we have
|ζx(y)|2 =
n2∑
l=1
|〈δy, alδx〉|2.
Note that for all 1 ≤ l ≤ n2, al is quasi-local by assumption. Hence given any
ε′ > 0, there exists an S > 0 such that for all x ∈ X, we have
‖χB(x,S)calχ{x}‖2 =
∑
y<B(x,S)
〈δy, alδx〉|2 < ε′/n2,
which implies that supx∈X
∑
y<B(x,S) |ζx(y)|2 < ε′.
In conclusion, we have shown that the function ζ constructed above satisfies
also condition (c) from Lemma 5.3. Hence due to Lemma 5.3 we are done. 
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Remark 5.5. Let X be a discrete metric space with bounded geometry such that X
admits a coarse embedding into a countable discrete group. Then additionally,
conditions (1)∼ (5) in the above Theorem are also equivalent to: (6)C∗uq(X) is exact.
Indeed, this follows directly from [4, Corollary 30] and the facts that nuclearity
implies exactness, and exactness is preserved under taking C∗-subalgebras (we
refer readers to [5] for the relevant concepts).
Remark 5.6. Let G be a finitely generated residually finite group and X be any of
its box spaces. Then additionally, conditions (1) ∼ (5) in the above Theorem are
also equivalent to: (6) C∗uq(X) is exact; (7) C
∗
uq(X) is locally reflexive. Indeed, since
nuclearity implies exactness and exactness implies locally reflexivity, it remains to
prove condition (7) implies X having Property A. Suppose not, then X is a weak
expander by [26, Lemma 2.6]. In particular, the uniform Roe algebra C∗u(X) is
not locally reflexive (see [26, Theorem 1.1]). Since locally reflexivity is preserved
under taking C∗-subalgebras, we conclude that C∗uq(X) is not locally reflexive as
well (see [5, Chapter 9] for more details).
Finally, we record here that if the box space X is a sequence of asymptotic
expanders then X must be a weak expander (see Theorem 4.4, [3, Theorem 4.5]
and [26, Lemma 2.6]).
Remark 5.7. Very recently, Sako proved a remarkable result that for a discrete
metric space X with bounded geometry, X has Property A if and only if C∗u(X)
is exact if and only if C∗u(X) is locally reflexive. Therefore combining Theorem
5.4 with Sako’s result, we conclude that for a general discrete metric space with
bounded geometry, conditions (1) ∼ (7) above are all equivalent.
6. Cartan subalgebras in uniform quasi-local algebras
The main result of this section is Proposition 6.1, which provides another take
on the question when C∗u(X) = C
∗
uq(X) in the context of Cartan subalgebras of these
algebras.
Recall that a pair of C∗-algebra B ⊆ A is a Cartan pair [21] if B is a maximal
abelian self-adjoint subalgebra containing an approximate unit ofA such that the
normaliser of B inside A generates A as a C∗-algebra, and there exists a faithful
conditional expectation E : A → B. Here the normaliser of B in A is defined as
{a ∈ A : aBa∗ ∪ a∗Ba ⊆ B}. It is clear that ℓ∞(X) ⊆ C∗uq(X) is a Cartan pair if and only
if the normaliser of ℓ∞(X) in C∗uq(X) generates C
∗
uq(X). Moreover, ℓ
∞(X) ⊆ C∗u(X) is
always a Cartan pair.
Proposition 6.1. Let X be a discrete metric space with bounded geometry. Then the
following are equivalent:
(1) C∗u(X) = C
∗
uq(X);
(2) ℓ∞(X) ⊆ C∗uq(X) is a Cartan pair;
(3) the normaliser of ℓ∞(X) in C∗uq(X) generates C
∗
uq(X).
To prove it, we need the following lemma analysing the normalisers of ℓ∞(X)
in C∗u(X) and C
∗
uq(X):
Lemma 6.2. Let X be a discrete metric space with bounded geometry. Then the nor-
malisers of ℓ∞(X) in C∗u(X) and in C
∗
uq(X) are the same. More precisely, the following are
equivalent for T ∈ B(ℓ2(X)):
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(1) T belongs to the normaliser of ℓ∞(X) in C∗u(X);
(2) T belongs to the normaliser of ℓ∞(X) in C∗uq(X);
(3) T = fVθ for some f ∈ ℓ∞(X) and some bijection θ : D → R where D,R ⊆ X
satisfying: for any ε > 0, there exists some K > 0 such that for any x ∈ D with
d(x, θ(x)) > K we have | f (x)| < ε.
Proof. It is straightforward to check that for T = fVθ satisfying condition (3), we
have T ∈ C∗u(X) ⊆ C∗uq(X), and it normalises ℓ∞(X). This implies “(3) ⇒ (1)” and
“(3)⇒ (2)”.
For the other directions, note that any element in the normaliser of ℓ∞(X) in
B(ℓ2(X)) has the form of T = fVθ for some f ∈ ℓ∞(X) and bijection θ : D → R
for D,R ⊆ X. Since ‖T‖ = supx∈X | f (x)|, one can check directly that T = fVθ is
quasi-local if and only if for any ε > 0, there exists some K > 0 such that if x ∈ D
with d(x, θ(x)) > K then | f (x)| < ε. The same condition also implies that fVθ can
be approximated in norm by operators with finite propagation using the fact that
‖T‖ = supx∈X | f (x)| again. 
Proof of Proposition 6.1. Since ℓ∞(X) ⊆ C∗u(X) is a Cartan pair, we have “(1)⇒ (2)⇒
(3)”. Now condition (3) says that C∗uq(X) is generated by the normaliser of ℓ
∞(X)
in C∗uq(X), which coincides with the normaliser of ℓ
∞(X) in C∗u(X) by Lemma 6.2.
Since ℓ∞(X) ⊆ C∗u(X) is a Cartan pair, condition (1) holds. 
7. Open questions
According to Proposition 2.4 and Proposition 6.1, we may ask the following
natural question:
Question 7.1. Let X be a discrete metric space with bounded geometry. Suppose
that ℓ∞(X) is a Cartan subalgebra of the uniform quasi-local algebra C∗uq(X). Does
X have Property A?
Let {Yn}n∈N be the sequence of asymptotic expander graphs in Example 3.5 (see
also Corollary 3.10). Since the averaging projection PY sits inside the uniform Roe
algebra C∗u(Y) for the coarse disjoint union Y = ⊔nYn, it follows that Y does not
satisfy the coarse Baum-Connes conjecture provided that {Yn}n∈N has large girth
(see [13], [14] and [37, Theorem 6.1]). Does this conclusion hold generally?
Question 7.2. If {Yn}n∈N is any sequence of asymptotic expander graphs with
large girth and let Y be its coarse disjoint union, does the coarse Baum-Connes
conjecture for Y fail?
We now turn to the relation between asymptotic expanders and coarse embed-
dability. It is well known that a sequence of expander graphs can not be coarsely
embedded into any Hilbert space (see e.g. [19, Theorem 5.6.5]).
Question 7.3. Let X be a coarse disjoint union of asymptotic expanders {Xn}n∈N
with bounded geometry. Can X be coarsely embedded into some Hilbert space?
This question has a negative answer with an extra hypothesis:
Proposition 7.4. Let X be a coarse disjoint union of asymptotic expanders with bounded
geometry. If C∗u(X) = C
∗
uq(X), then X can not be coarsely embedded into any Hilbert
space.
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Proof. It follows from the hypothesis and Theorem 3.8 that the averaging pro-
jection PX belongs to the uniform Roe algebra C
∗
u(X). On the other hand, if X
can be coarsely embedded into a Hilbert space, then C∗u(X) does not possess any
non-compact ghost projection by [11, Proposition 35] and [43]. Since PX is always
a non-compact ghost projection, we complete the proof. 
If Question 7.3 has an affirmative answer (i.e., there exists a sequence of as-
ymptotic expanders which can be coarsely embedded into some Hilbert space),
then from Proposition 7.4 we would provide an example of a space X such that
the uniform Roe algebra C∗u(X) is properly contained in the uniform quasi-local
algebra C∗uq(X), which answers Question 6.7 in [32].
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